International Journal of Applied Mathematics
& Statistical Sciences (IJAMSS) A International Academy of Science,
4

ISSN(P): 2319-3972; ISSN(E): 2319-3980 Engineerlng and Technology
Vol. 6, Issue 4, Jun — Jul 2017; 107-114

© IASET IASET Connecting Rescarchers; Nurturing Innovations

ON CONVERGENCE PROPERTIES OF SZASZ
TYPE POSITIVE LINEAR OPERATOR

SHRADDHA RAJPUT & R. R. AGARWAL
Department of Applied Mathematics, Shri Shankaracharya Institute of Technology, Bhilai, India

ABSTRACT

In this paper, we have given Szasz type, positive linear operator and we have shown that, these operators preserve

convergence properties for n when, f is T -convex.
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INTRODUCTION

In 1987, Lupus [1] introduced the first g-analogue of Bernstein operators, after that, Phillips [2] introduced
another g-generalization of the classical Bernstein polynomials, later, many generalizations of positive linear operators,
based on g-integers were introduced and studied by several authors. Some are in [3-5], Bleimann et al. [6], Proposed a

sequence of positive linear operators L, defined by

L,= (1+1x)n ;cl=0f (#) (Z) xf Vx> O.n€N .

for f € C [0, o), where C [0, o) denote the space of all continuous and real valued functions, defined in [0, o).

Also the authors proved that, L, (f; x) — (x) as n — oo point wise on [0,00) for any f € Cy [0,00),where
f € Cy [0, ) denote the space of all bounded functions from C [0, ).

Now, we recall some notations from g-analysis, the g-integer [n] and the g-factorial [n]! are defined by,

1-q™
[n]:=[n]q=§1—q 1% 1FornEN, [0]! =0, 2)
ng=1

[11g[2]g e oo-[M]g 1 = 1,2, ...

“"n€N,[0]!=1 where g >0 3
In=0

[n]!:= {
for integers n > r > 0 the g- binomial coefficient is defined as

[Z]q = [r]q[n]q ! 4)

![n-r]q!

Aral and Dogru [10] constructed the g-Bleimann, Butzer and Hahn operators as

o1 on [k] k(k-1)/2 [T .k
Log (%) tn (%) k=of ([n—k+1]qk) a [k] x ®
Where ¢n (x) = [[%22(1 + g5x)

and f is defined on the semi axis [0,).
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In [9], the authors introduced a new generalization of Bernstein polynomials, denoted by Bt™ and defined as,

BT (%) = Tio (3,) (for™OF (%) (1 = x()"* x(x)*

Where is the n Bernstein polynomial, f €[0, 1], x €0, 1]

7 is a function defined on [0, 1] and having the properties:

T isco-times continuously differentiable on [0, 1].

17(0)=0,1(1)=1and T’(x) > 0on [0, 1].

These conditions ensure that, 7 is strictly increasing and the inverse 7' of 7 exists on [0, 1].
We recall by [11] some usual notations and definitions, which are essential for our work.
For x = (X;, X,) € R%, k = (k;, k) € N;* and nEN

we will write [x] 1= x; + x5, X* 1= X1 X2 | K| 1= &y + ko, K!i= &y k!

Now we define, a new generalization of g-Bleimann, Butzer, and Hahn operators for f €0, ) by [12]

1 _ k _ n
Log (6 T0) = 7 Zheo( for ™) (i) a7 [1] 20"

Where (n (y) = [T82(1 + ¢5t())

and 7 is a function, that is continuously differentiable of infinite order on, [0, oo )such that 7(0) = 0, t(1) = 1, and

in frefom) T (%) 2 1

We define new positive operator f € [0, ), from above work

S, (1 7)) = 770 3, WO (ppp-1y (1)
and 7 is a function that is continuously differentiable of infinite order on [0, o )such that 7(0) = 0, t(1) = 1, and
iNfyepomy T () = 1
Definition 1

Let f, be a real valued function continuous defined on, D € R? and let 7, be a function satisfying the

conditions (t;) and (7,) .
We say that, f is a Lipchitz continuous function of order on D, if
)~ f W 1< T | T(x) — Tl #
Definition 2
A continuous real valued function f, is said to be convex in D C [0, ), if
fQ2, o x) < X%y o< f(x;)

for every x;x, Xm € D and for every non negative number of a;0;_ 0, € D such that,a;+o,, +0y, =1

..........

Impact Factor (JCC): 3.9876 NAAS Rating 3.45



On Convergence Properties of Szasz Type Positive Linear Operator

MAIN RESULTS

109

Theorem: - Let T —convex function defined on S. Then S, (f; T(x)) is monotonically non —increasing in n.

Proof: Let x, y € S and x <y which means that x; <y, and x, <y, . Using of the operators s;; and

From the definition S, (f; 7(x)), We have

S, (f; T(x)) = ™™™ ZZ:()% (for ) (%)

o, (£:1(0) = 5,2 Ti s e @ (2(0)* O (for ) (£)

=30 2o Thost (1) +1 = [t D () (kl‘ (for™1) (g) e )|

= %R0 Zies 1)) 1(x,))k %(for—l) (£) i<t

+ T8 2o Tioms () (x(xp))e %(fer—l) (¥) enirta—<
200 T (G0 @2 (for ) (£) e

Let Sy = Yk, =0 ZE;((I) w(xy))katt 1(x,))ke %(for_l) (E) e—Nlt(x1)=1(x2)|

—k k _ k _ —
S2 = im0 Tt (tx))s (1))t B (for1) (5) et =<l

- k 1~ (K) -
S = X0 Ty (100)* B2 (for™) (5) enie0

Since,
- k N _
Sy = X o Zits T 1)) S (for ) () enirt—ra)
-k Ko 4 (k _1(k _ _
= Shy=0 i 1)) 10 (P G (2) 7 () ) ennirto )
+HG )™ (7 (). 771 (0)) e 0]

—k M eo—1 (k1) _—1 (k2| o-nleGey) -t
= 3,20 Tio s )t (G G () 17 (2) ) et

+ Xki=0 t(x))kt? ((nk)—k:) f(z~1 ((:—1)> 171(0) ) el
+(t(x,))" ! £ (171(1).772(0)) e 1)

- ‘ 1 - 2 —nft(Xq)—t(X
=T 2y TS n(xg))tE a(xp)ke % f(r1 (:—1) ot (k_)e feCxn)~c(x2)1

nz

— _ (m)k1 1 (k _1 (n-k _ -
2o 1)) e00)) e () 7 () Lt (B ) ennlien et

np

F 2R TR (S £ (K2) 7 (0 e
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+(t(x))* £ (r71(1).771(0)) e~ nltxq)|

S Sk ) §F e ((45)) 1 ((5)) e

+ 3D () an(x))rRat ((n) Wyt (kl 1) 1 ((M) ) e-nltGx)-1(x2)]

n

+ Xk, =0 T(xa ) %f(r—l () . ((0) JemCs)

+(T(x))™ £ (71(1).771(0)) eI

Since t1(1) = 1,771(0) = 0

Zkl 1 ZEZ ki T(x ))k (n) f( - ((kl 1)) Tt ((k_z)) g NIl

n

k — —
#2021 TG ) Nte)) Rt (B8 (%) 1 ((M) ) NIt —1Cxp)|

n

mk e — - —n|t(x n —n|t(x
+ZE1:0 T(Xl))k1 %f(r 1 (kl_nl) 1 1((0) )e lt(xa)l 4+ +(T(X1)) +1 £(1,0) e [t(x1)|

Similarly,

=B T 0 B () (53 e

+ Zﬁlzl T(Xl))le(Xz))n_k1+l ((Ill(_)‘k) f(,[—l (%) L ((n—_]q) ) e~ nlt(x)—t(x2)]

n

+ 20,21 Tx))E %f(.t‘l(o),r—l (%) YDl 4 (7(x,))P* £ (0,1) e~nlGxo)l
S3 = Zk1 1 Zﬂzfi T(X))k (Ill(—),k f(z~1 ((%)) 1! ((];_ZD e~ nlt®)|
+ 2R o1 ) (x)) Tt ((Ill()u ) f@ _1( ) 0 )e MG —exz)]

k -_—
+ 20 o 1) (T (0), 7 (£2) e 0D 4 £ (0,0) eI

Therefore, we have

Sn(t 1) = Zkl 1 2122 ki ()" (n) f( - ((kl 1)) A <(k_2))

n
n

e+ TR 1 TG e ((") O ft (B) ot ((2)  eniestea)

+ X0, o T(x DM %f(r‘l (kl—n_l) 71((0) ) el 4 (r(x,))"* £ (1,0) e PICDI

FEih Tk 00y O e () o ((42)

e 3,y )M () et () et () ) e

n k —
+ Zﬂlzl (x,))k2 %f( 71(0),7? (%) Ye kG2l 4 (t(x))™1 £(0,1) a-nlex)]
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+ 0L Test Tk (‘;(—),k f(r? ((%)) gt ((‘;_2)) el
+ X0 o1 )Tl (%) f (T—l (‘%) 0 ) eIt —t(x2)|

n DY - -1 (k —n|t(x —n|t(x
+ 30 o txo)) (k—)!f(.r 1(0), © (f)e Kl 4 £ (0,0) eI 2.1

Similarly,

1-k; - (+ 1)k _ k
St =ity Ty e () X (for ! (=)

Zkl 1 ZEZ ki T())* (HH)) f(r~! (( +1)> ! (C%)) oIt

F o TGS (D et () o () el

n

+Zk1 - ’E(X ))kl (n+1)) f( -1 (kl ) . —1((0) ) e—n|1:(x1)| + (’E(Xl))n+l f(l 0) e—nlt(x1)|
n n+1)* — -l k —n|t(x: n —n|t(x
+ 20 Tx))° EA e (0),1 (22) 0D 4 (e(x,))™ £(0,1)+ (0,0 eIl 2.2
Thus, we can write

S5 700) —Suer(F 1000 = Z47y Tkt 100) e ¢ et () o () ) +

e () (D + e (() = (G
e () () S (i 2) o (2229
G () () - - B ) ()
w(x))M1T00)) e VT ey (it (A7) a1 ((0) e

+@)f(r_1 (1%)0) —nlt(x)—t(x)| (D) (ﬂ“)) +Ypot (xz))k2{(“) ( O (k2 1))

k!

+(n) ( _1(0) (iz) (n+k1))k ( —1(0) ( )}e—nlt(xz)l}

+{£(1,0)—f (1,0)3e DN ((x )™ + {£(0,1) — £(0,1) } (x(x,))™" {£(0,0) £ (0,0)} eI
.65 T00) ~Suea(E 7Y = B T2 10 )e(x))e(0)* O rorty (1, B2t)

)k 18 (ki1 K WX .y (kHl kol DR L G K+l kot
5 Gor™) (M1, 32) + - Cor™) (4, 2) = 22 (or) (B 27))

n n+l1 " n+l

ki+1 n-k;

+ X Lot ) T)){(for™) (k' = kl)+(f ) (le %) (fo _1)( n+l)}T(Xl)) t(x))" !

+ 23l )Y {(for™) (3,0 ) + (for™) (,0) — (For™") (X5, 0)1e(x))" + Zido tGa)){(for™) (0,2 ) +
(for™) (0,227) = (for™) (0,27 3l 23
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Now set,

mk 18 (K1 ko+1 )k _18 (K1+1 ko )k 1N (K11 kot (+1) 1N (K11 kot
= (o) (3 20) + G- o™ (M, 32) + - Clor™) (7,27 — 0 Gor™) (1727

n n+1
= (for~1) (kl n— kl) + (forD) (k1+1 n—k; - 1) (for=1) (kﬁl)ﬂ)

n+l ° n+l
I:= {(fot™") (%,0) + (for™) (k‘“ ) (for™1) (k1+1 )

= (for™) (0,2 ) + (for™") (0,22 = (for™") (0,°22))

We firstly consider I, let

_ kgl ko+1

20’0(2:11+1

20,“3:;20

And

ki ko+1 ki+1 kz
u=(m) =

n n

Then it is easily seen that, o¢; +,+ o3=1 and & X;+X, X, + K3 X3=

k1+l k2+1

)

ki+1 ko+1

) ) . Thus, from the definition of
n+1 " n+l1

T — convexity, it readily follows that I, > 0

For I, , we set

_ kgl

-k
= 20,0(2:11_120
n+1

n+l1

k; n=k; ki+1 n-k;-1
Xl =\— 1X2 = 1]
n n n n

ki+1 n—k
Thus we have, «; +,=1 and | X;+, X,= (= !

n+1 "’ n+1

) . Thus, from the definition of T — convexity, it readily

follows that I, = 0

For 15 , we set

ki+1

Thus, we have «; +x,=1 and o¢; x;+x; X,= (n ,0) . Thus, from the definition of T — convexity, it readily

follows that I3 = 0 similarly I, = 0 . Therefore, from (2.3)
sn(f; 1(x) ) = 841 (£ 1(x) ) 2 0
CONCLUSIONS

We had reached the desired result s, (f; T©(x) ) = s,4; (f; 7(x)), foralln € N
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